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A DEFINITION OF THE SYSTEM OF NATURAL NUMBERS, 
EQUIVALENT TO THAT OF PEANO 
BY 
H. W. LENSTRA 
(Communicated by Prof. A. HEYTING at the meeting of April 27, 1968) 
Peano defines the system of natural numbers by means of the successor 
function 8(x) and the finite induction axiom: 
n is a set on which a function 8 is defined such that: 
AI. 1 E11. 
A2. x Ell =?-8(x) E11. 
A3. 8(x) * 1 for every X En. 
A4. 8(x)=8(y) '* x=y. 
A5. A subset of11 which contains 1 and which contains 8(x) whenever 
it contains X must equal fl. 
In this note it will be shown that the following definition is equivalent 
to that of Peano: 
11 is a set on which a function 8 is defined such that: 
Bl. 1 E11. 
B2. 8 is a one-to-one mapping of 11 onto 11\{1 }. 
B3. 8(X) *X for every X En. 
B4. A one-to-one function I of 11 onto 11 which commutes with 8 
must be the identity. 
A implies B. 
It is well known that the function 8 defined by the axioms of Peano 
maps 11 one-to-one onto 11\{1} and that every natural number differs 
from its successor. It only remains to prove B4. 
Consider a one-to-one function I of 11 onto 11 such that 
l(8(x)) =8(/(x)) for every x E 11. 
We first prove that I( 1) = 1. Suppose not. Then there exist a, b En. 
a*1, such that l(a)=1 and 8(b)=a. Using(*) we see that 
1 =I( a)= 1(8(b)) =8(/(b)). 
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Since s(x) # 1 for all X En, this leads to the contradiction 1 # 1. It 
follows that f( 1) = 1. 
Now let D be the set of elements x E 11 for which f(x) =X. Then 1 ED 
and if a ED then f(s(a))=s(f(a))=s(a), hence s(a) ED. This implies that 
D=fl and that f is the identity. 
B implies A. 
Al is equal to Bl and A2, A3 and A4 are trivial consequences of B2. 
Only the finite induction axiom A5 has to be shown to follow from B 1, 
B2, B3 and B4. 
Theorem: Let X be a set on which a function q; is defined such that: 
Bl'. lEX. 
B2'. q; is a one-to-one mapping of X onto X\ {1 }. 
B3'. q;(x)#x for every x EX. 
B4'. A one-to-one function I of X onto X which commutes with q; 
must be the identity. 
Then any subset of X which contains 1 and which contains q;(x) whenever 
it contains x must equal X. 
Proof: Let M be the set of all sets V C X with the properties: 
Pl. 1 E v. 
P2. X E V ~cp(x) E V. 
The set M is not empty since X EM. Define the set D as the intersection 
of all sets V EM. Then D is a subset of X and DE M. 
We now define a function I: X ~ X as follows: 
l(x)=x if XED; 
l(x) =cp(x) if xED' =X\D. 
It suffices to prove that f is a one-to-one function of X onto X which 
commutes with q;. For B4' then implies that I is the identity, and since 
q;(x)#x by B3', the set D' must be empty and D=X. Hence M={X} 
and the finite induction axiom holds. 
We shall first prove that q; maps D' onto D'. 
1) q;(D') CD'. 
Suppose q;(a) ED for some a ED'. The set D\{q;(a)} is a subset of X. 
If x E D\{q;(a)} then q;(x) E D\{q;(a)}. For x and hence q;(x) are elements 
of D and since a¢:. D it follows that x#a and q;(x) # q;(a). Moreover 1 ED 
and l#q;(a) whence 1 ED\{q;(a)}. Thus we see that the set D\{q;(a)} has 
properties Pl and P2. This contradicts the minimality of D. 
392 
2) D' C cp(D'). 
Since l ¢= D' every x E D' determines a unique element u E X such that 
rp( u) = x. Furthermore· u ED' since u ED implies cp( u) = x E D. 
The function f commutes with cp and it maps X one-to-one onto X 
since the restrictions off to D and D' have the corresponding properties. 
This proves the theorem. 
In constructing the new definition, especially as far as B4 is concerned, 
the. following property (which seems intuitively evident to the author) 
has played a role: 
Two systems 111 and 112 both satisfying the axioms of Peano are always 
isomorphic in exactly one way (isomorphism being a bijection which leaves 
the successor relation invariant). 
The existance of such an isomorphism follows easily from A5 ; the 
uniqueness follows from B4: the composition of an isomorphism with the 
inverse of an isomorphism has to be the identity. 
The author expresses his thanks to Prof. Dr. J. Popken, to 'Prof. Dr. 
A. Heyting and to his son Hendrik for some valuable suggestions that 
have resulted in improvements in the formulation. 
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